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Abstract -;\ l,:em:ral st,lutit>n is ohtained to the prohlem of the interaction between a m'lin crack
and an arbitrarily located .tnd oriented elliptical hole near its tip under mode III loading c('nditions.
The analysis is oased t'n the compie, potentials for the antiplane proolem and the superposition
pril1l'iplc, The stress intensity factnr at the main crack is obt'lined in a gencnll series form and
appro,im'lte closed-form s(,lutions arc also derived using a pcrturoation procedure, The present
solution is shown to ct1incide with Taylt1r e,p,lIlsion of e"lCt solutions for collinear elliptical holes
with s~'Citic aspect ratios, Numerical e:ot'lmplcs arc provided to show the clreet of the geometry.
It>c;ltiun ;Illd orientation of the microdeft.'Ct on the stress intensity factor of the main cr;l\;k, The
prescnt wnrk shnuld provide a valuahle insight into main crack microdcli.'Ct irlteracti(lO phenomena
in hnttlc male·ri,tls.

l. INTRODUCTION

Unlikl: ductik materials wherl: crack propagation is accompanil:d by crack-tip plasticity.
the onsl:t of a main crack extension in briUk materials is mainly governed by microerack
formation in a zone ahead of the crack-tip; sec. e.g.• Hoagland el al. (1973). Claussen el

al. (1£)77). Evalls and Fabcr (IY~4) and R(ihll: t'l al. (IYX7). This ne..tr-tip microcracking
has been n:gardcd as being one of the principle mechanisms which inl1uences main crack
growth in brittk matl:rials.

Two approachcs arc gcnerally adoptl:d in the development of analytical modds to
prcdict the behaviour of a main crack in the presence of a microcracking zone. These arc:
(i) thl: continuum d,tmagc mechanics model and (ii) thl: discrete main crack-microcrack
intera<.:tion model. In the continuum damage model. the microcracking region is described
by a dilrcrent constitutive equation, with a reduced clfective modulus, from that cor
responding to thl: parcnt material. This rcduction in modulus has two counteracting cflccts.
On one hand, it contributes to the reduction in the ncar-tip stresses thus leading to a
shielding clrcct. On the other hand. it enables the main crack to grow more readily. thus
leading to a reduction in resistance to fracture. The resulting enhancement or <kgradation
of the toughness of the material would ultimately depl:nd upon the nl:t outcome of the
above two effects. Examples of the continuum mechanics models includl: the work of Evans
and Fu (f9X5), Ortiz (19~7, IYX~), Charalambides and McMt..'Cking (19~7) and Hutchinson
( 19X7).

Thl: discrete main crack-microcrack intenlction model relies on the development of
approximate solutions to multipll: microcracks in thl: vicinity of a main crack; see. e.g.• the
work of Ho"lgland and Embury (1980). Chudnovsky and Kachanov (19~3). Chudnovsky
('f al. (191\7), Rose (191\6) and Rubinstein (1986). Recently. Gong and Horii (1989) have
dcrived a general solution to the interaction model for combined mode I and II loadings
and discussed the accuracy of some of the previous solutions. With the aid of the leading
order explicit solution. Gong and Horii (1989) were able to identify the specific regions of
shidding and amplification associated with mode I loading. Their work was subsequently
extended by Meguid ('f al. (1990) to provide all possible regions as well as contour levels
of shidding and amplification with independent and coupled mode I and mode H loadings.
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:-\ limited numbl::r of artidl::s has dealt with the corresponding mode III problem for
very simplified conllgurations. for which it was possibl.: to obtain dosed-form e"act s,1Iu
tions. Smith (l9S3) daived an e"act solution for the stress intensity factor of the main
crack in the presem:e of a collinear circular hole. while Turska-Klebek and Sokolowski
(19~.t) obtained the soluti,ms for collinear and vertical microcracks ahead of the main
crack. \lore recently. Chiang 119S6) has considered a slightly more general case of a
collinear elliptical hole.

The purpose of the present study is to provide a general solution to the antiplane
pn)bkm of the intaaction between a semi-inlinite main crack and an arbitrarily located
and oriented dliptical hole. The analysis is based on the superposition principle and the
appropriate comple" potentials for the antiplane problem. The solution to the problem is
obtained by superimposing three subproblems. each of which contains either the main crack
or the elliptical hole. In the present formulation. the stn:ss-free condition of the main crack
is auwl11aticllly satislied. while the free elliptical hole condition due to Isida 11973) enabled
the dc\dopment of the rdevant consistency equations leading to the determination of the
unkn\.mn codlicients in the n~rrespondingcompk\ potentials.

The general plan of the art ide is as follows. Section 2 provides some of the oasic
equations whidl are fundamental to the current formulation. while the tktailed derivations
of the current antiplane proolel11 an: given in Section 3. In Section 4. the present solutions
are verified by comparison with existing exact solutions. Numerical examples arc provided
to slww the dli:t.:t of geOllletry. location and orientation of ll1icfOlkfect upon the stress
intensity factor at the main cr~u:k. /1.'1\','. Shidding and amplification ctfects resulting from
the presence of the l11iLTolkfect are ,lIso e\all1incd.

1. II\SlC H)tlATIO:-.JS 1:'\ ..\:-.JTIl'L\:-.i1' I'I.ASTl<TfY

The situation envisaged initially is that of a main LTad e\isting within an infinite solid
deforming tinder mode III loading l:onditions. as depicted in Fig. I. In considering the
anliplane elasticity prohlem. the non-vanishing stress and displacement l:omponents l:an he
expressed in terms of one complex potenti;11. (I):

ri/,:. I. Schc'nlalic rcpn:scntati"n "I' a c'rack ul1lkr mode III ("adin/,:.
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r,:-iT,: = <~'(;).

I - ..
II' = 2G [<~(;)+$(;)l·

; = x+iy and i = ,/=1.
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(I)

where T ,: and To: are the shear stresses. II' is the displacement along the ;-axis and G is the
shear modulus. The overbar represents the complex conjugate and prime denotes the
derivative with respect to the argument. The subscript; denotes the ;-axis which should be
distinguished from the complex variable; = x+ iy. If the xy coordinate system is now
rotated about the ;-axis through an angle q, to form new coordinate axes m and n. then the
corresponding transformation equation for the respective stresses Tm: and Tn: is:

(2)

Now. consider the case of a single crack in an infinite solid lying on the interval ( - a. a)

of the x-axis with the prescribed stress '.: = q(x) acting on the crack surl~lces. The complex
potential cllrresponding to the above loading is

(3)

which simplifies to

I f" J.\l/(X)<II' (;) = _. d \:
rrJ; x-;"

for a semi-infinite crack lying on the interval (- 00.0).

Next. consider the case of a free elliptical hole having its centre at the origin and the
major and minor diameters (2a. 2") allHlg the x- and y-axes. respectively. Using the tech
nique of conformal transformation and the method of Laurent series expansion «(sida.
IlJ7J). the genaal form of the complex potential for the free elliptical holl: can be written
as

<11(;) = L «F:,+iF:)(;/d) 1"'"+(At;,+iM,~)(;/d)"·ll.
,,-,I)

(5)

whae dots and astaisks denote real and imaginary parts. respectively. and d is some
n:fen:m:e length. The coellicients of negative powers of eqn (5) can be expressed in terms
of those of positive powers as

/. ~" = L i. ~II f ~/' .. ~ /) ~;: AI ~/'
,,_0

I

f ·' " .~". :" • ~ n :" • I If'
• ~"t I - L I. 1- 1" t- I il 1" .. I

p ~ II

F .;.. = "I.- 1" +- ~/' + '1 Q 1" 'f." - '- . 1(' I. 1/,
,. ." I)

where

I.

F·;,,_, = '\' 1.·;"·;"+~Q;"+'·f·.. - L . :." ... IW:'p+-1
/' "" II

(6)
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(7)

with

;. = (ul and I; = h/€l.

(n eqn (7). a smaller value of the summation upper limit (n or p) is implied.

3. MATHEMATICAL rOR\lCLAT10;-';

IX)

Consider now the present problem of an infinitely extended solid containing a scmi
infinite main cral:k and an arbitmrily IOl:ated and oriented clliptil:al hnlc ncar its tip. as
shown in Fig. 2. The undisturhed stress ficld in the ahsenl:e nf the elliptical hole is given by
the singular clastic field corresponding to the applied stress intensity 1~Il:t()r. Kill' The origins
nf two rect,lllglliar c\lordinate systems x"y" and xy arc wken lIt the tip or the main l:r:ll:k
and the centre or the elliptical hole with its major and minor di"meters 12a. 211) oriented
along the x- and y-axl.:s. Thl.: dist'II1l.:1.: bet\\'I.:ctl the tip or the main cral:k ,tnd the centrc of
the elliptical hole is dl.:notetl hy d. the angle measured from x,,-axis tn the line connl.:cting
thl.: tip or the m"illl.:r:lck and thc I:cntrl.: of the: elliptical hole by 0. and the orientation angle
of the elliptical hole hy ti',

Nnw. the total c~Hnplex potential «) for the probkm is conside:red as being the sum of
three fUIll.:tions; n,lmely

which correspond to three separate subproblems. as illustrated in Fig. 3.
In suhprohkm L the main l.:rad. is subjel.:ted to the applied strcss intensity factor KIl!'

The stress 11I:ld nl.:ar the tip or the Ill,lin crack is givcn by the singular ne,lr-tip stress licit!.
The l.:orresponding stress rllnl.:tion «); ror subproblem I is given by

Fig. 2, :\rhitrarily !i'eal':u and \,rI.:nl.:d dliflli<:al h,,1.: ncar lh.: tip "I' a main era<:k.
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Fig. 3. The: supc:rposltlon principle: utilizing thre:e subproblems. (a) The original problem.
(b) Subproblem I. (el Subproblem 2. (d) Subproble:m 3.

"K
(II' (_ ) - - ! III

1 -0 - ....

../27t=0
=0 = xo+(l'o and i = F1.. ( 10)

where prime denotes derivative with respect to the corresponding argument. =0'
Subproblem 2 considers the case of an infinite solid containing a single elliptical hole

described by the following stress function (I)~ which has singularities within the hole (Isida ..
1973) ..

r.

<(>z(=) = L Fn(=/cl) -In. I)

""",,0

(I I)

with == x+iy and the unknown coefficients (F. = F:+iF:> to be determined. From (2)
and (II). the stress along the position of the main crack is obtained as
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( 12)

with: = (.\",,-~)e"p and ~ = de 'll
•

In subproblem 3. the main crack is loaded by the tral.:tion - T,,,:,,(X II ). From H). the
stress function for subproblem 3 is given by

The stress intensity factor for the main crack is ohtained from

;"j" T,. (-x,,)
~KIIl = - "-,, dx lI •

'vir II \-

'"' - 0

Substituting (12) into (I."\). (~',(:,,) can be obtained as

where

,"i" (:". d = S"(:,,.~) L: S" ,(:". ~)Q,(~),
I - I

with

(lnd

(2l)!
11 -

I - 2~1(t!J~'

( I})

(I~)

(lS)

( 16)

( 17)

( IX)

Equations (II). (12) and (14) yield the following expression for the stress intensity factor
at the tip of the main crack:

J
-_.

r ,

6Xlll = L (- 1)"(11 + l)1'n+ I -;
" ... n

x {F: sin [(11+ 1)(/1 - (11+ ~)(}I + F:cos [{II+ 1)(/1- (11+ ~)OJ:. (19)

It is now appropriate to consider the superposition of the three subproblems. The total
complex potential (I) satislies the truction-free condition along the main crack. However.
the traction-free condition for the elliptical hole should be examined. Since the free-hole
condition (5) is given in terms of the local coordinates. it is necessary to express the total
complex potential (1) as a function of :. The transformation rc\'ltion between main crack
and microdefect coordinates is given by
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:u =: e'<l>+~.
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(20)

Substituting (2(1) into (10) and (15). and combining with (II). the total complex potential
<1> is reduced to the same form as eqn (5). as follows:

where

<1>(:) = L [(F: + iF:)(:'d) -In+ II + (Jl: + i.U:)(: dt+ I].
,,= I)

( I)n+~ K /.f; ,• - 1'" III { . 1 ••\/ = --~--,,--~---,-' Sin [(11 + 1)-1. - (n + ')0] + '" (a F + d F)
• 'I + I ~ 'P ~ 1... 'II'" """.11 _IT ,,=u

j
-

(- I t+ 'I'nKIlI d I".
J\/'~=-I'- 1-'COS[(1I+1)¢-(1I+~)0]+L (hn"F"+cn,,F;).

n+ _IT ,,=u

(21 )

(22)

The expressions for the coellicients a"". hn". c"" and d",. are provided in the Appendix.
Equations (22) and (6) constitute the necessary consistency equations for determining

the unknown coetlkients F:. F:. Ar;,. M: (11 = O. I. 2.... ). which are solved with the aid of
the following perturbation techniquc. Assume that all the unknown coellicicnts can be
expressed as a power series in terms of (a/d) such that

.
f : - 1./ '" f:' ~'I' ( 'I) ~":" r 1 - ,,( L ~fI I- I ale .

I

M" = Jd L M~~'/I(a/d)~".
ll ..... n

(13)

Substituting (13) into (6) and (11) and equating the coellicients of the same powers on both
sides. the following rel:urrent formulae arc obtained:

• I ( - I)" • ~fI" Kill JI .fl.',,' " = I ., sin [(11 + I )Ip - (11 + DO),
11 + _IT

(-I),,+IPKII1JI
M,~(O'= .. - +1"-- .,-cos[(lI+l)cP-(lI+!)lI],

11 _IT

M,:'~' = (/"IFI;I~I+d,,"FI~(~I.

M:(~' = hnIlF~I~)+c"oFI~I~).

q 1

F·,~,· ~"I = - '" p~" \,',~q ~" ~I
~n L. :.,,' ~p

".u
q I

F·(~n":j" __ , Q~,,\,·(:q-:P-·:l
:'n - L- :.,,' 1" •

,,~u

f/ - :.

F.' :." ... :'41) __ "" Q :.,,+ I \,,-( :,,- 21' - 4)
~,,+I - L 1f'+1 1 :'1'+1 •

pwO

SAS 28:2-1
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:'1./ ~

H" cql = ') [(I F'( cql +d F" Cq'j
. " L.- "(1 P nfl f' ~

p 2 11

('I = 2.3.4.... ). (24)

Using the above relations. the expansion coefficients in eqns (23) can be calculated to as
many terms as required.

The stress intensity factor for the main crack is thus given by

(25)

where LlKIII is ohtained from (19) with F;, and F,~ determined from (23) and (24). It is
ohserved from (19) and (23) that LlKIII can be expressed in terms of even powers (a/d)~v

(N = I. 2, 3.... ). Taking the dominant terms. N = 1 and N = 2 in (25). the following
normalized dosed-form expressions for the first and second order approximate solutions
arc obtained; namdy

(N = I) (26)

()::. ()~-\11'- (/ (/
1\11I ;1\11I = 1+ d G(O.(/,.I:)+ d 11(0.(/'.1:)

where G (0.4).1:) and /I (0.4'.1:) are derived explicitly as

(N = 2) (27)

and

(I + I:)::' [(I -I:) cos (24' - 20) + (I +1:) cos 0
1I(IJ.4).I:)=... .. +6+I:cos(0 2)

12S l+cosIJ

+ (I -I:) cos 0 cos (2</1 - ~O) + 3( 1-1:) cos (2(~ -0) + 15(1 -t:) cos (2(p - 30)

-15(1-I:::')sin (34)- W)sin (t/J- ~)-3(1-I:C)COSC (2(j>- W)

. (0) ~ ]X sIn 1/) - 2 eos (24) - ~O) .

~. RESULTS AND DISCUSSION

(28)

This section is divided into two main parts. The lirst presents results with a view to
verifying the preceding analysis. while the second examines the effect of the pertinent
parameters upon the stress intensity factor at the main crack.
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To enahlt.: comparisons with existing exact solutions. the configurations shown in Fig.
.. were considered. In the case of a collinear elliptical holt.: ahead of the m;tin crack (Fig.
"a). the closed-form solution derived by Chiang (lyg6)t can be written in a compact form.
using the present notation. as follows:

with

I,,= 4' [(I +N)+4;,~(1+N) I].
).

and

(2Y)

(30)

(1+1');. = 2: (ajd). r. = hja.

where K and E denote the complete elliptical integrals of the first and second kind. respec
tively.

t There arc two misprints in cqns (7) and (13) in Chiang (1986).
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Expanding (29) into Taylor series with respect to (a tI). we obtain

(31 )

Substituting 1/ = 0 and </J =0 into (27). it is confirmed that the present solution coincides
with (31). Additionally. the respective configurations of a collinear circular hole (I: = 1)
and a collinear microcrad: (f. = 0). depicted in Fig. ~b and c. were also confirmed in a
similar manner.

Figure 4d shows a vertical microcrack ahead of the main crack. The closed-form exact
solution for this problem was given by Turska-Klebek and Sokolowski (198~) as

i.+, I +i.' £(h')

(I +i.')\ -l 1\(1\)'
(32)

where

J
.,.
_I.

1\ =

i·+vl+i.'
and

. a
I. = ,I"

Expanding (32) into Taylor series with n:specl to i. = Cl/cllcads to

3 (Cl)1= I+- +...
12X cI . (33)

6(rad)

Fig. 5. Contour r~rr~s~nt'lti\'n "I" norl1lali/~1I str~ss int~n,i(y I"",tor K'~'I' Kill "s " I"un,tillll "I"
lo~"tion "nil \lricnt"tion 01"" mkfll,ra~k: " = O.
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Fi~. 6. ('onluur rcprcscnlation of nOl'lnali/.cd strcss intcnsity f;,dor 1\,',','! 1\,,, as ;, function of
location and oricntationof an clliptical hoI.:; ,; ~ 1;4.

Substituting /I = O. I/l = n(2 and I; = 0 into (27). it is again conlirmed that the present
solution coil\l:ides with (33). It is worth noting that the above equation can also be directly
derived from eqn (31). with the appropriate substitutions.

Typical results of the stress intensity I~tctor predicted by the present first and second
order solutions arc compared with the exact solutions of eqn (29) for a collinear elliptical
Iwle in Table I. The table shows that the presence ofa collinear cut out, whether an elliptical
hole. a circular hole or ~I microcrack, introduces an increase in the stress intensity factor of
the main crack. Furthermore. it can be seen that the circular cut out (I; = 1) provides the
largest increase in the normalized stress intensity factor (Kllil'l Kill I. for a given (a/d).

T;,hlc I. Norlll;l1il.cd ,trcss intcnsity factur (1\,',\'/1\",) as a function uf locatiun (a'd) and aspect ratiu (/: = h.a)
or a collincar elliptical hulc

Exact (:irst ordcr Secund ardcr
[cl(n (19)[ [clln (1111] [cl(n (17))

ad I,' = I) I,' = 1.·1 I: = I I: = 0 ,; == 1/1 /:= I I,' = 0 I: = 1(1 1,'=1

0 1.000 I.fX)O I.(XII) I.lXX) I.()(X) 1.000 1.000 1.000 1.000
0.1 I.lXlJ 1.004 1.005 1.003 1.004 1.005 1.()(lJ 1.004 1.005
0.1 1.010 LOIS 1.010 1.010 LOIS 1.020 1.010 1.015 1.020
0.3 1.014 1.036 I.o·n 1.012 1.(H4 1.1/45 1.024 1.036 1.046
0.4 1.046 I.06X I.OX7 1.()40 1.060 1.0XO 1.(/45 1.01l7 1.0l!6
05 1.077 1.114 1.144 I.01l3 1.094 1.125 1.074 1.110 1.141
06 1.113 I.IX2 1.225 1.090 I. U5 I.IXO I.IU 1.169 1.212
(1.7 1.195 1.191 1.343 1.123 I.IX4 1.245 1.166 1.246 1.305
O.X 1.319 1.447 1.531 1.160 1.140 1.310 1.134 1.346 1.412
0.9 \.591 LXXI 1.91 I 1.103 1.304 1.411 1.310 1.474 \.569
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hg. 7. ('onlolll' rcprcscntation of norma Ii/cd strcss inlcnslly 1:11:101' I\J\~ I. A.·III as a fum:lIon of
IO~'alioll and oricllialloll of an dliplil:al hole; I: = 1/2.

Two fllrth~r oos~rvations i:an be malic frolll the table. The first is that provided {I/d is
relatively small. th~ first anl.! second order solutions generally underestimate th~ ex:u:t
solutioll oy a very sn1:l11 alllount. The second is that the accuracy of th~ proposed approxi
mate solutions d~p~nds upon the relative position of the microdefecl, aid. For example. in
th~ case of {lId::: 0.9. wh~re the microdcfect is very dose to the crack-tip. the m:lximulll
~rror r~sulting from th~ us~ of th~ second order solution is 21 'Yo. Nevertheless. if aid ~ 0.5.
th~n the maximum error resulting from the usc of the first order solution is within 2'Y., of
exact Sl}lutions.

Consider now th~ case of an arbitrarily located and oriented elliptical hole ncar the tip
of a main crack. Th~ pr~sent fl)rmulation preJicts th~ d~penJenceof the normalized str~ss

int~nsity factor (/\I'i,' IKlid upon the location (ald.O). orientation (1/1) and aspect ratio
(I: = Ilia) of the elliptical hole. For a given elliptical holt: (alt!. 0. <p and I:). it is now possible
to compute the corresponding contour levels and the associated regions of shielding
(KI'il~Klli < I) and amplilication (hi'r',Alhlll :> I). for simplicity. the first order solution
[eqn (26») was used in the analysis of a microdcfect with aid::: 1,'4. for this first order
solution. the regions of shielding and amplification arc independent of the ratio (aid).

Accordingly. selling G(O. cP.1;) of eqn (2M) to zero is sullicient for detcrmining the regions
of shielding and amplification associated with mode m. as dcpicted in Figs 5-9 for different
geometries of the microdefect.

Figure 5 shows the contour levels of hi'i,'1hili and the :Issociatcd regions of ampli
fication and shielding under mode IfI loading for a microcrack (/; = 0). Depending upon
the orientation I/J and location of the microcrack 0. the stress intensity factor at the main
crack may be increased or decreased as described by the four distinct regions of Fig. 5.

Figures 6-8 show the corresponding contour levels and regions of shielding and
:Ullplification for an arbitrarily oriented and located elliptical hole (I: = 1/4. 1/2 and 3/4).
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while Fig. 9 shows the corresponding results for a circular hole (/; = I). In these cases. only
two regions of shielding and amplification are now identilied. These ligures also indicate
that amplilication changes to shielding as 0 varies from 0 to It. Furthermore, the trajeetories
of the normalized stress intensity factor at the main cnu.:k are drastically inl1uenced by the
geometry of the hole. In the case of the circular hole, the trajectories become independent
of the "defect orient'ltion", <p. as would be expected due to the symmetric nature of the
hole. This trend can also be observed for elliptical holes with relatively large aspect ratios,
as depicted in Fig. 8 for I: = 3/4.

5. CONCLUSIONS

In this article, a general solution to the interaction between a main crack and an
arbitrarily located and oriented elliptical hole under mode" I loading was developed. The
analysis W'IS based on the complex variable formulation und supported by the superposition
principle. In particular. the stress intensity factor of the main crack W'IS obtained in general
usymptotic forms, and explicit analytical first and second order solutions were also provided.
The present solutions agree with Taylor expansions of exact solutions for the special cases
corresponding to a collinear elliptical hole with dilTerent aspect ratios.

The results of the work also reveal that depending upon the aspect ratio. location and
orientation of the elliptical hole, shielding and amplification elTects may become prevalent.
In the case of shielding. this provides a remarkable toughening elTect. while in the case of
amplification it provides an undesirable we'lkening elTect. The work provides a useful
quuntitutive design tool and a valuable insight into main crack-microdefect interaction
phenomena in brittle materials.
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APPl:;\;DL\

Sunslituling (~O) into (151. the slress pOlclHial 1[J, can oc wrillcn in lerms of ='IS follows:

(,\1)
" ~ II I" =- II

where R"r and T..r ,Ire t\\t\ c,'mp!cx functi,,"s detined by

allll

(AJt

, I

S'''(~'';) ~ S",,(~.:I L S",(~.:I{1, ,(~)
,_ II

/' I

S",.(~• .;) .\'",,(~.';J L .\'",(~. ';){1/. ,(:1
1- n

.\'",(~.:I ~ S,,,,(~ ••;J 'L,' s.,.(~.:){1, .(~) /L'·\,(~.,;){!,. ,(.,"),'1
Lr-u /_11

where (!,(~) is given h~ (/71. and ~ ~ e'''.
Then Ihe codlkients </",,, h",,, l' ..,. ano d..,. III eqn (2:!) arc evalnateJ as

<I..,. = Rc I R.." + (.,.)

b..J, = 111I (R", + T",,)

,'",. = Rc (R", - 'l~,,)

'!"J' ~ - 111I (R", - T,,").

wh<:r<: Re and 1m ..lenot.: the real anJ il\la~inar~' paris of a complex variabk. rcsp.:<:livdy.


